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ABSTRACT. This paper addresses one approach to reconciling theory, research, and practice, 
namely, a multitiered teaching experiment involving a models and modelling approach 
to learning. The four-tiered teaching experiment explored in this paper involves participants 
at different levels of development who work interdependently towards the common goal of 
finding meaning in, and learning from, their respective experiences. The research examined 
here is concerned with the design and implementation of experiences that maximise learning 
at each level. These experiences involve the construction and application of models, 
which are used to describe, make sense of, explain, or predict the behaviour of some 
complex system. Two classroom studies are presented to illustrate how a theory of models 
and modelling can guide the development and implementation of a multitiered teaching 
experiment. A focus on the teachers’ construction of models of teaching and learning is 
presented to illustrate how theory and research can assist the practice of classroom teachers. 
 
To bring theory and practice together takes an act of will, a source of energy, a 
shift of attention, a reconciling force. (Mason, 1990, p. 185) 
 
Mathematics education research today involves researchers and teachers 
at many phases of their professional growth, facing problems that are increasingly 
complex, challenging, and multifaceted. As several writers have 
pointed out, our production of knowledge is not a one-way process between 
researcher and teacher; rather, it involves many players in an evolving 
and iterative cycle of learning (e.g., Bazzini, 1991; Schorr and Koellner 
Clarke, 2003). More comprehensive and flexible research designs are thus 
becoming all the more important (Lesh, 2002; Kelly and Lesh, 2000). 
 
In recent years we have seen the emergence of research paradigms 
that aim to bridge the traditional gap between theory and practice. These 
newer paradigms contrast with those of previous years where research was 
done on classrooms rather than in classrooms (Middleton, Sawada, Judson, 
Bloom and Turley, 2002). These earlier approaches usually focused 
on teachers’ implementation of a new learning program, such as Mastery 
Learning (Guskey, 1984), and on how this impacted on students’ learning. 
 
In contrast, recent developments have focused on various forms of teacher researcher 
collaboration, with a focus on teachers’ interpretations of their 
students’ learning within the regular classroom setting (e.g., Greeno and 
Goldman, 1998; Lesh and Lehrer, 2003; Middleton et al., 2002). Increasingly, 
researchers are realising that the more we can work collaboratively 
with teachers and their students, in the reality of their own classrooms, the 
better we will be able to inform practice (Breen, in press; Krainer, 1994; 
Middleton et al., 2002; The Design-Based Research Collective, 2003). 
 
These new collaborative paradigms include design studies, which are 
interventionist, process oriented, and theory driven (Shavelson, Phillips, 
Towne, and Feuer, 2003) such as the multitiered teaching experiment (Lesh 
and Kelly, 2000), and professional development approaches that involve 
content-based collaborative inquiry (Zech, Gause-Vega, Bray, Secules, and 
Goldman, 2000). In the latter, professional learning communities are developed 
that support teachers’ shift to reform-oriented approaches through 
a focus on student understanding in specific content areas. These collaborative 
approaches are generating new ways of exploring and analysing children’s 
developing mathematical knowledge and abilities, and new ways 
of looking at effective teaching and learning practices (Lesh, 2002). The 
multitiered teaching experiment, in particular, provides substantial scope 
for addressing the complex issues associated with reconciling theory and 
practice. Its multifaceted nature, along with the unique types of learning 
experiences it presents for all participants, creates an environment that 
promotes maximum learning. 
 
Building on this multitiered teaching experiment, I adopted a four tiered 
research paradigm that addresses the development of researchers, 
classroom teachers, preservice teachers (university undergraduate students), 
and classroom students. In design-based research of this nature, practitioners 
and researchers work together to generate meaningful change within 
learning contexts: 
 
Such collaboration means that goals and design constraints are drawn from the 
local context as well as the researcher’s agenda, addressing one concern of many 
reform efforts. (The Design-Based Research Collective, 2003, p. 6) 
As described in the next section, this collaborative research has three key 
features that set it apart from many of the existing approaches. First, there 
is the focus on the simultaneous development of all participants, who work 
as co-investigators operating at different levels of learning. Second, the 
research is concerned with the design and implementation of experiences 
that maximise learning at each level. These experiences involve the construction 
and application of models, as addressed in the first part of this 
paper. The third feature is a focus on the documentation and analysis of 
learning, together with reflection on learning, by learners, as it evolves 
(Kaput, 1987). 
 
In the first part of this paper I address these features, indicating how 
they can serve as an effective means of reconciling theory and practice 
as well as improving both. In the second part, I illustrate some of these 
features by examining instructional models developed by teachers and preservice 
teachers during two classroom research studies. 
 
MULTITIERED RESEARCH DESIGN 
 
One of the underlying assumptions of multitiered teaching experiments 
is that, even though the participants are at different phases of learning, 
none of them operates and develops in isolation from one another (Lesh 
and Kelly, 2000). Participants work interdependently, with each of them 
engaged in a common goal of trying to make sense of, and learn from, their 
respective experiences. The aspects of sharing, openness, mutual trust, and 
negotiation are essential to the participants’ effective collaboration (Peter- 
Koop, Santos-Wagner, Begg and Breen, in press). Investigations of how 
participants at each tier develop over a period of time and how their interactions 
both within and across tiers impact on this development are typical 
of multitiered teaching experiments. 
 
In line with Lesh and Kelly (2000), the four-tiered research paradigm 
addressed here involves explorations of the knowledge development of 
participants working within a conceptually enriched, shared learning environment. 
At the first tier (student level), shown in Table I, students work 
on challenging but meaningful problems, which in the present case, involve 
constructing, refining, and applying mathematical models. Working 
collaboratively, the students describe, represent, explain, and justify their 
mathematical constructions, which they share with all other investigators. 
 
At the second and third tiers, the preservice teachers and classroom 
teachers work with the researchers in planning and implementing the student 
activities. The teachers develop skills in observing, documenting, explaining, 
and anticipating the mathematical developments of their students. 
Based on their knowledge of the students’ mathematical development, the 
teachers are able to design follow-up activities (cf. content-based collaborative 
inquiry of Zech et al., 2000). This component of the research paradigm 
resonates with the ‘Lesson Study’ approach, where teachers adopt the ‘student 
lens’ in trying to understand and anticipate their students’ thinking, 
and subsequently determine ways of improving student learning (Fernandez, 
Cannon and Chokshi, in press). 
 
At the fourth tier, the researchers work with the teachers in planning and 
implementing the learning experiences for the students and, at the same 
time, observe, interpret, and document the knowledge development of all 
participants. 
 
A key feature of design experiments is that they are both ‘prospective’ 
and ‘reflective’ (Cobb, Confrey, diSessa, Lehrer and Schauble, 2003, p. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
TABLE I 
Four-tiered collaborative model (adapted from Lesh and Kelly, 2000) 
 
 
 
 
10). On the prospective side, design experiments are implemented with 
“a hypothesised learning process and the means of supporting it in mind 
in order to expose the details of that process to scrutiny” (Cobb et al., 
2003, p. 10). At the same time, the researchers and co-researchers look for 
other potential pathways for learning by capitalising on contingencies that 
emerge as the design is implemented. By reflecting on initial conjectures 
about ways in which student learning can best be supported, more specific 
conjectures can be developed and tested as part of the overall design 
process. 
 
Guiding this iterative design process of development and revision should 
be a theoretical framework that does ‘real work’ (Cobb et al., 2003, p. 10). 
That is, the theory must inform the prospective design. In the present case, 
the theory of models and modelling (Lesh and Doerr, 2003) served as the 
guiding framework for the studies addressed here. 
 
In general terms, a model is used to describe, make sense of, explain or 
predict the behaviour of some complex system. Models are designed to 
meet particular purposes in specific situations and thus involve situated 
forms of learning and problem solving (Greeno, 1991; Lesh and Lehrer, 
2003). 
 
A models and modelling perspective has been adopted here because it 
has been shown to be a powerful conceptual framework for research on 
the interacting development of students, teachers, curriculum resources, 
and instructional programs (Lesh and Lehrer, 2003). In particular, modelling 
approaches often involve classroom-based professional development 
in which the modelling activities for the students provide rich learning contexts 
for the teachers. That is, through observing their students as they engage 
in modelling problems, teachers can gain powerful insights into their 
students’ mathematical developments. The practice of situating teachers’ 
professional development within the context of their own classroom has 
been adopted in several recent studies (e.g., Ball and Cohen, 1999; Liberman, 
1996; Stein, Schwan, Smith and Silver, 1999), however, few studies 
have adopted problem situations that simultaneously challenge students, 
teachers, and researchers. 
 
A modelling approach has also been chosen because the types of problem 
situations being addressed require interpreting large amounts of information, 
simplifying and organising data, making sense of a collection 
of related experiences, making significant decisions, and searching for underlying 
patterns, relationships, and trends. These problem situations exist 
at each level of investigation, from the problems that the students tackle 
through to the explanations of learning constructed by the teachers and the 
researchers. The student modelling activities implemented in the present 
study, in contrast to more traditional problems, are designed explicitly to 
reveal children’s various ways of thinking, the ways in which they document 
their thinking, and the nature of their conceptual development during 
problem solution. 
 
Within the multiered paradigm, participants at each level explicitly reveal 
their interpretations of the problematic situation and repeatedly test, 
modify, reorganise, and refine these interpretations (Kelly and Lesh, 2000). 
The practice of explicating ideas at each level is especially important here, 
as it not only enables all participants to share and document their thinking, 
but also provides a rich basis for the construction of new ideas, both within 
a level and across levels. 
 
It is envisioned that all participants undergo similar learning processes, 
although the focus and depth of learning at each level differs. For example, 
model development at the researcher level occurs as the researcher (a) 
explores, interprets, and explains the thinking and reasoning of the students 
as they work on mathematically challenging problems (b) comes 
to understand how the classroom teacher and the preservice teachers are 
developing with respect to their knowledge of the students’ learning, (c) 
analyses and describes the nature of the student-teacher interactions, and 
(d) undertakes reflective analyses of the activities of all participants at the 
end of each teaching/learning session. 
 
At the preservice and classroom teacher levels, the models created by 
the teachers determine the types of teaching and learning experiences fostered 
in the classroom (Schorr and Koellner Clark, 2003). Teachers’ models 
are seen as basically ‘systems of interpretation,’ which they use to 
gauge students’ thinking, to respond in ways that will promote this thinking 
along multiple dimensions, to identify generalized understandings across 
contexts, and to improve their interpretations of students’ thinking (Doerr 
and Lesh, 2003, p. 131). Although teachers’ models are more complex and 
broader than those of their students, the two forms do have several features 
in common, including the need to be purposeful, sharable, and reusable in 
other (structurally similar) situations. The applicability of models to new 
contexts is an important feature, even though the initial development of 
teachers’ models usually takes place within situated contexts. 
 
Teachers’ models are reflected in various artefacts they construct to 
document, guide, and assess students’ learning. Such artefacts include observation 
forms for documenting students’ learning, (e.g., students’ ways 
of thinking in solving modelling problems, ways in which students’ math- 
ematical ideas develop, the group processes that contribute to learning), 
quality assessment guides for assessing the different products that students 
create, and teaching guides that present strategies to assist others in the 
implementation of student modelling activities (including questions that 
might be asked of the students in working a problem; Lesh and Lehrer, 
2003; English and Lesh, 2003). 
 
In the next section, some examples are presented of how a theory of 
models and modelling can guide the development and implementation of a 
multitiered design experiment. The examples are drawn from two research 
projects in which teachers implemented sequences of modelling problems 
in their classrooms as part of their regular mathematics curriculum. 
 
OVERVIEW OF THE RESEARCH PROJECTS 
 
The first project was a three-year longitudinal study (2001–2003), which 
traced the mathematical modelling developments of a class of students 
from their fifth grade (10 years of age) through to their seventh grade (12 
years). The students were from a co-educational private school in Queensland, 
Australia. The development of the class teachers’ models of their 
students’ mathematical learning was also a major focus. In the first year 
of this project (addressed here), the classroom teacher was in his first 
year of teaching, having completed a two-year postgraduate education degree. 
 
Also participating in this first year was a small group of preservice 
teachers, who were in their final year of a four-year undergraduate education 
degree (comprising 3 semester subjects of mathematics education 
together with elective mathematics education subjects). The student modelling 
activities in the first year of the project were implemented over a 
period of 4 months, with sessions of 1 to 1.5 hours, twice a week. 
 
The second research project (Doerr and English, submitted) was conducted 
in a second co-educational private school in Queensland. Seven 
middle-school teachers (grades 7 and 8) worked collaboratively with the 
researchers in implementing a sequence of five modelling problems across 
10–12 lessons of 60–70 minutes each (over a period of 3–4 weeks in 
August-September, 2002). One of our main aims was to investigate the 
ways in which two of these teachers, serving as case studies, interpreted 
and supported their students’ mathematical reasoning across the sequence 
of tasks. Preservice teachers were unable to participate in this second project, 
due to other university commitments. 
 
THE CLASSROOM LEARNING EXPERIENCES 
 
The classroom learning experiences in both projects were designed to promote 
mathematical development but not dictate the direction of this development 
(Lesh and Kelly, 2000). The modelling tasks used in the projects 
provide students with opportunities to engage in multiple experiences that 
enable them to explore the mathematical constructs being developed (e.g., 
notion of rates), to apply their models in new settings, and to extend their 
models in new ways. Examples of these modelling tasks appear in the Appendix. 
The first task, the Aussie Lawn Mower Problem, was implemented 
in the first project towards the end of the first year. The problem involves 
interpreting and dealing with multiple tables of data, exploring relationships 
among data, using proportional reasoning and the notion of rate, and 
representing findings in visual and written forms. The second modelling 
task, the Sneakers Problem, was the first of the sequence of problems 
implemented in the second project. The problem sequence focuses on the 
development of rating systems through selecting, ranking, and aggregating 
quantities. 
 
The modelling problems are designed to meet two criteria, namely, 
they should be stimulating and relevant to students, and they should be 
mathematically generative (Doerr and English, 2003). With respect to the 
first criterion, the problem contexts provided meaningful and ‘experientially 
real’ situations for the students, in contrast to contexts that simply 
serve as ‘cover stories’ for routinized, and frequently irrelevant tasks. The 
benefits of such experientially real contexts have been well documented, 
as is evident in the Realistic Mathematics Education research, emanating 
from the Freudenthal Institute (Feudenthal, 1973). One of the key features 
of experientially real contexts is that they provide a platform for 
the growth of students’ mathematization skills, thus enabling students to 
use mathematics as a ‘generative resource’ in life beyond the classroom 
(Freudenthal, 1973; Gravemeijer, Cobb, Bowers and Whitenack, 2000; 
Stevens, 2000, p. 109). In line with Freudenthal’s thesis, the modelling 
activities are designed to foster students’ abilities to formalize and generalize 
their informal understandings and conjectures. 
 
In contrast to the usual problems students meet in class, these modelling 
activities present students with situations where the exact nature of 
the product to be developed is not known. Only the criteria or conditions 
to be met in creating the product are given and there is more than one 
way of satisfying these criteria; therefore, multiple products are possible. 
Furthermore, these products are far more complex than the usual responses 
demanded of students (where they produce a simple numeric answer by 
manipulating the appropriate information in a given problem). In working 
the modelling problems, students usually know that they have to produce 
a description or model that focuses on important relationships, patterns, 
and trends in the given data. Furthermore, they generally know that they 
have to simplify or reduce the data in some way that will enable them to 
produce this model. At the same time, students have to realise that not all 
of the information might be relevant and that some information might be 
more important than others (as can be seen in the Aussie Lawn Mower 
Problem). 
 
Another key aspect of the modelling activities is that the students document 
their learning and explain their thinking. Students do so through 
sharing their ideas with group members as they work the problems and record 
their thoughts and explanations in written form (including web-based 
formats). The use of mathematical representations such as tables, graphs, 
charts, and drawings is an important component of the documentation 
process. 
 
As previously indicated, the modelling activities also provide challenging 
and thought-provoking experiences for the teachers. When implementing 
these activities, teachers need to identify the nature of the mathematical 
ideas their students are developing, consider strategies for supporting 
this development, and engender learning communities where the 
sharing of diverse ideas becomes the norm. Such learning experiences 
are central to a modelling approach to learning mathematics (Bransford, 
Zech, Schwartz and The Cognition and Technology Group at Vanderbilt 
University, 1996; Doerr, 1997; Doerr and English, 2003). 
 
IMPLEMENTING THE MODELLING ACTIVITIES 
 
The teachers in both projects welcomed the opportunity to explore new 
ways to engage their students in meaningful problem-solving activities. In 
the second project, both the teachers and the head of the mathematics department 
expressed their concerns that their students did not have enough 
opportunities to engage in mathematical problem solving and that many of 
their students were limited in their abilities to solve new problems. 
In planning the program of research for both projects, a meeting was 
held with the teachers, the preservice teachers (first project only), and 
head of department (second project only). This, and subsequent meetings, 
were scheduled jointly by the teachers and researchers. In the initial 
meeting, we discussed the nature of the research and the nature of the 
student modelling experiences, the associated pedagogical strategies, and 
the type of classroom learning environment that should maximise student  
learning. The teachers also developed a schedule for conducting the 
modelling activities in their classrooms. The activities had been designed 
by the researchers but any necessary modifications were negotiated with 
the classroom teachers. From the outset, the teachers were encouraged to 
question and comment on any aspects of the project, to offer suggestions 
for improvement, and to document their ideas on how they would enhance 
future implementation of the modelling activities. 
 
In subsequent meetings, before the implementation of a new modelling 
activity, the researchers, classroom teachers, and preservice teachers (the 
latter in first project only) considered the mathematical content of the activity, 
the nature of the context and how it generates the mathematical ideas, 
and possible approaches to solution. In the second project, however, it was 
decided to familiarise the teachers with the mathematics of the problem 
sequence and approaches to solution by engaging them in group problem 
solving (made feasible because of the increase in number of participating 
teachers). 
 
In both projects, the class teachers introduced the modelling activities 
while the researchers and preservice teachers (the latter for the first project 
only) observed the student-teacher interactions. The students then moved 
to their groups to work on the activity, and were observed by the teachers 
and researchers. Where appropriate, the observers would ask the students 
to describe, explain, or justify a response. At the end of the activity, each 
group of students shared with the class their approaches to problem solution, 
explained and justified the model they had developed, and invited 
feedback from their peers. This group reporting was followed by a whole 
class discussion that compared the features of the mathematical models 
produced by the groups. All group and class activities were videotaped 
or audiotaped, while the observers took field notes of the students’ and 
teachers’ mathematical responses and their interactions with one other. 
In the remainder of this paper, some insights are given into the teachers’ 
and preservice teachers’ construction of teaching and learning models as 
they implemented the activities and observed the children’s development. 
A focus on the teachers’ models, rather than those of their students, is 
presented to illustrate how theory and research can assist the practice of 
classroom teachers. 
 
TEACHERS’ MODELS OF TEACHING AND LEARNING 
 
This section provides a retrospective analysis (Shavelson, Phillips, Towne 
and Feuer (2003) of aspects of the class teachers’ and preservice teachers’ 
growth during their participation in the research projects. Such an analysis 
typically takes the form of a ‘situated, narrative account’ of learning and 
how it can be organised and supported (Shavelson et al., 2003). Consideration 
is given here to the apparent models of students’ learning that the 
teachers had formed, together with the ways in which the teachers viewed 
the student modelling activities and what they considered to be effective 
ways of implementing them. 
 
In reflecting on his students’ progress at the end of the first year of 
the first project, the fifth-grade teacher identified several features that he 
considered to be instrumental in promoting his students’ mathematical 
learning. Initially, he commented on the authentic nature of the problems: 
“They seemed to love to link their maths to their real-life situations. And 
that’s one thing with all these activities that was good, they were able 
to link it (the activity to real life).” The teacher was quick to point out, 
however, that the authentic nature of the problems did not prevent the 
students from focusing on the important mathematical ideas. For example, 
in reference to one of the early activities involving relationships between 
exercise and the calorific value of different foods, the teacher noted how 
his students were really starting to home in on the mathematical ideas: 
And they (the students) saw some meaning in it (the activity) and even with potato 
chips, chocolate cookies and all that, at no stage did they come up and say “Well, 
which ones taste nicer?”, they actually ended up looking at the real problem of 
calories versus exercise, that was interesting and um . . . the other thing too was 
that they realised the mathematics in itþ the class, I know, is really starting to 
develop but they realise that “Okay, some of it we understand what to do, but 
we don’t know how to get the answer.” And so it was interesting when, well, the 
students thought, “Can we go to” – they don’t use the terminology – but “Could 
they go to a mechanical means . . . could they go to a calculator?” 
 
The fifth-grade teacher had become aware of his students’ perceptions of 
problem solving and how these perceptions had changed during the course 
of the activities. The teacher commented that he did not become aware of 
the students’ traditional views of problem solving until half way through 
the modelling activities, and subsequently realised that the activities were 
instrumental in changing the students’ viewpoints: 
And then the symmetry problem, it showed to me that the idea of problem solving 
to some students is, “There has to be an answer.” And this one (activity) really 
showed this. . . this year has developed their understanding of problem solving. 
 
Some students, I thought, found it amazing that in mathematical set work they’re 
not that great but give them something like this that they can explain and say, 
“Well there’s not a black and white answer,” they really came on, even when 
. . . there’s something like 40 combinations. And so it was really good how the 
students brought more answers; it was a bit scary for some of those students 
in that they realised, “Well, hey there has to be an answer”. . . there has to be an 
answer and that was a bit disappointing in that they, even after all those exercises, 
they were still trying to find that answer. 
 
The teacher’s model of his students’ learning also included a focus on 
individual learners, in particular, those whose responses were in contrast 
to their usual classroom behaviour. The teacher noted how students who 
didn’t normally shine mathematically were able to offer valuable ideas to 
their group (this is a common finding with modelling activities of this 
nature; e.g., Lesh, Cramer, Doerr, Post and Zawojewski, 2003). In the 
following excerpt, the teacher points out that, once these students had constructed 
a model (“we’ve got a method”) for solving a given problem, they 
appeared confident of being able to apply this model to related problems. 
 
Teacher: Yes and once they also realised that they don’t always have to 
have a right or wrong answer, those students who mathematically 
aren’t as strong as the others, find the confidence to voice 
their opinion. 
 
Researcher: That’s good yes, that’s great. 
 
Teacher: You’ll notice group one, I think, was probably the best example 
of the whole lot because there were two very, very good 
students in that group. There was one very good, like, above average 
student then there was one who struggles but she ended up 
coming, in a way, a leader in discussion and saying “Well what 
about this,” and giving ideas. She didn’t know where to take 
the ideas but gave ideas to the advanced students to work from. 
. . . when she teamed up with one of the boys, who struggles a 
little bit, once they were in their pairing, they threw ideas off 
each other the whole time and they were really working. Not 
sure if they ever really came to a direct answer but they were 
working well and saying “What about this, what about that” 
and they started to ask questions and there were so many at the 
beginning who were just saying, “What’s the answer.” At the 
end a lot of them were saying “Well where’s the next question” 
or “We’ve got this, give us another something similar and we’ll 
solve it in 5 minutes because we’ve got a method.” 
 
It appeared that the teacher’s instructional model included an awareness of 
the mathematical potential of the student modelling activities, as well as 
the ways in which the students became engaged with the mathematics of 
the activities. As a researcher, I found it especially enlightening to learn 
of the teacher’s understanding and appreciation of the Aussie Lawnmower 
Problem. This problem is the most mathematically sophisticated of all the 
modelling activities we had implemented in the fifth grade and provided 
us with important insights into the students’ mathematical learning. The 
teacher’s analysis of all the activities led him to conclude that this problem 
was a key one in propelling his students’ mathematical development. In 
the teacher’s eyes, this problem was especially rich because of the various 
approaches to solution that were possible and the mathematical arguments 
that were generated, especially when the students were reporting back to 
the class: 
 
 
Teacher: And I thought that (the Aussie Lawnmower Problem) was actually 
a good one to go into because after that one (a previous 
modelling activity) they (the students) finally realised there 
are so many possible answers. And the green thumbs one (the 
Lawnmower Problem), I think that could have gone on for ages 
with that. It showed the students who had really developed in 
problem solving in that some of them still thought, “Well we 
want a quick fix,” but others said, “Okay, I want to go for a long 
time and really search,” and they seemed to be the ones who did 
search; they used different things like averaging, doing tables, 
and it was even interesting. . . one student saying that there’s not 
enough information but didn’t know what that information was. 
. . . but the funny thing was also similar, they all got fixed on 
kilometres driven. 
 
Researcher: That’s right, kilometres, yes they did get fixed on that. 
 
Teacher: And it showed. . . . . . in a way it was disappointing cause 
they. . . there were so many other tables and they got fixed on 
one thing but it was also exciting cause you thought, “Well 
these children have real. . . have got a goal, they really have and 
they were really passionate about it and it was cute how the 
arguments came and that’s why we all sat back and thought, 
“Well let these unfold.” 
 
The preservice teachers in the first project had formed their own views on 
the fifth-grade classroom teacher’s implementation of the modelling activities. 
In so doing, the preservice teachers developed instructional models of 
how they would implement these activities within their own classrooms. In 
particular, the preservice teachers were concerned about the nature and extent 
of teacher input into the students’ learning. The following discussion 
excerpt shows how the preservice teachers were forming their ideas on this 
issue (in the present instance, the class teacher was spending considerable 
time at the beginning of the activity ensuring that the children could interpret 
the tables of data presented). At the end of the excerpt, the preservice 
teachers are also displaying an understanding of the mathematical structure 
of the activities and the need to provide related tasks to enable the children 
to transfer their learning. 
 
Carla: I guess one of my things is when to interfere because sometimes 
I would have liked to when they never thought about anything. 
 
Researcher: Yes. It was good when you said “Come on, Tom.” If you feel 
they’re going to say something and then they pull back, I’d 
encourage them to go ahead and express this. 
 
Carla: Yes. When it came to the patterning Tom was dominant in 
thinking mathematically, and the language for me that he was 
using was more in line with what was needed in the activity. 
. . And I think the less instruction the better, and then you 
come into some of the basics of what they know and don’t 
know. 
 
Researcher: I’d say minimum input in the beginning (of the activity). 
 
Kylie: I don’t know if he (the teacher) should have any. I’d rather he 
reads through the question for those who need to understand it, 
and then let them go for it. 
 
Researcher: Yes. Part of the problem is actually having them interpret the 
situation. 
 
Tom: And he did a lot of that (for the students). 
 
Carla: When they’re (the students) trying to interpret they’ll be then 
able to ask you questions and you can weigh up where they’re 
coming from. 
 
Kylie: And you get more information nwhen they ask you questions and 
you get to know more about them. 
 
Researcher: A good point. The reporting at the end is good. He (the teacher) 
is good in the way that he reflects on their problem solving. 
 
Tom: Some of the groups on Thursday didn’t get a chance to share, 
and I think it’s important that they all should be able to share. 
 
Carla: And maybe have a spokesman for each group and if there’s 
something additional to add, that could be added. Focus more 
on what they know after, than what they know prior (to the 
activity). 
 
Researcher: Yes. 
 
Kylie: Maybe if you’re not going to give as much instruction as he (the 
teacher) does prior, maybe give them one (an activity) that’s 
similar to what they’ve already done and see what they can 
transfer. 
 
Researcher: That’s what I was thinking. 
 
Carla: If you create one – I know time’s precious – if it’s different 
– where they still have to look at patterns but with something 
totally different, let’s see what they’ll look at. And whether 
symmetry is involved or not, at least have something consistent 
to go to. 
 
The seventh- and eighth-grade teachers in the second project expressed 
similar sentiments regarding the nature and extent of teacher intervention 
in the students’ modelling activities. During our second meeting, the teachers 
were sharing their observations of their students’ solution strategies 
to the Sneakers Problem and were forming instructional models of how 
they would implement the subsequent modelling activities. Notice in the 
following excerpt how Rhonda acknowledges the importance of students 
independently developing different solution strategies and the need for 
teachers to encourage this process through ‘guided questioning’ and to 
provide time for student thinking and reporting. 
 
Rhonda: I think at the end of the day those kids who did those frequency 
ones [frequency strategies], they learn something by that anyway. 
And then progressing along to where they’ve given them 
scores out of 10 and giving them a total, there’s nothing wrong 
with that. There’s nothing wrong with averages either. What 
they’re doing is correct. . . . you see, we didn’t tell them that’s 
what they had to do. I think that will probably come in after 
these three (other activities in the modelling sequence) have 
been done and we’ll say “You’re quite right. This is one way 
you can do it. You can use averages. You can use totals. It 
doesn’t really matter. All those are right.” That can be consolidated 
at the end. I just think that them (the students) using other 
methods isn’t a bad thing at all. I think they learn something 
from that. 
 
Susan: I just thought if it was for someone else it’s good to get the 
students to see, describe, and explain the problem rather than 
giving it yourself. That works well: just letting the students 
basically run the show. 
 
Rhonda: Some advice I’d give is to encourage the kids to think diversely 
for themselves just by guided questioning. You can’t say what 
questions, it depends what the kids are doing. But just to try 
as a teacher think carefully how you can extend them without 
telling them what it is. And certainly time to elaborate on points 
in presentation. Something I probably just glossed over but 
could have emphasised more. And then emphasising the correct 
strategies. The kids who got it wrong, it’s hard for them because 
they don’t feel good about themselves. But find something positive 
in what they’ve done and give them praise for that, so that 
all of them get something positive out of it. 
At the end of each of our meetings with the seventh- and eighth-grade 
teachers, we invited each of them to document their recommendations for 
other teachers who might implement the sequence of modelling problems. 
 
For the Sneakers Problem, the teachers again highlighted the importance 
of students’ independent and diverse thinking in working the modelling 
activities, as well as time for the development of this thinking. The teachers 
also stressed the importance of the generalisability of students’ models. 
 
 
 
Their recommendations for other teachers included: 
• Encourage diverse thinking. 
• Allow enough time to elaborate on points coming up in discussion. 
• I would try not to direct them as much – give them longer time to see 
if they could bring themselves back on track. Less direction. 
• Allow plenty of time for feedback from the groups as they enjoyed 
presenting their ideas and listened keenly to each other. 
• Make clear that when they combine the lists to arrive at a single list, 
they will need to explain and justify and present clearly their method. 
• [Ask the students] Would your method work if given completely different 
lists or applied to a completely different topic/situation? 
• Emphasise ‘group nature’ – everyone to be working on a problem. 
• For myself, know how to analyse the activity better. I wasn’t sure what 
to ask, how to summarise, relate etc. 
 
CONCLUDING POINTS 
 
This paper has considered one way of reconciling theory, research, and 
practice, namely, the use of a multitiered teaching experiment involving 
a models and modelling approach to learning. The four-tiered teaching 
experiment involves participants at different levels of development who 
work interdependently towards the common goal of finding meaning in, 
and learning from, their respective experiences. The present participants 
included university researchers, classroom teachers, preservice teachers, 
and classroom students. 
 
The research studies addressed here were concerned with the design 
and implementation of experiences that maximise learning at each level 
of the teaching experiment. These experiences involve the construction 
and application of models, from the mathematical models that the students 
create in solving complex problems through to the models that the teachers 
and university researchers create to explain the students’ mathematical 
learning. The student modelling activities serve as the basis for the teachers’ 
and researchers’ model construction. That is, the thought-revealing 
nature of the students’ activities provides rich opportunities for teachers 
and researchers to listen to students’ mathematical discussions and to develop 
tools for interpreting, describing, explaining, and documenting their 
mathematical development (Lesh and Lehrer, 2003). This focus on the 
documentation and analysis of learning, together with reflection on learning 
by the participants at each level, is an important component of the 
research paradigm. Importantly, the processes of model construction do 
not take place in isolation: the interactions of all participants mean that 
multi-faceted models can be constructed, shared, tested, revised, and applied. 
 
The culmination of these interactive modelling processes has the 
potential to improve significantly the teaching and learning of classroom 
mathematics. 
 
These interactive modelling processes are unlikely to happen without 
adequate planning of the learning experiences and without effective communication 
among all participants at all levels. The student modelling 
activities need to encourage students to interact with the problem context 
and to work collaboratively with their peers to elicit the important mathematical 
ideas, without direct teacher intervention. Sharing, documenting, 
and communicating their mathematical developments are key aspects of 
students’ engagement with the problems. Likewise, it is imperative that the 
researchers and teachers communicate freely and regularly from the outset, 
as they work together in facilitating their own and their students’ learning. 
A major role is played by the researchers here. Careful planning and regular 
meetings with the teachers, before and after the implementation of 
each set of modelling activities, is essential to the success of collaborative 
research. 
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APPENDIX 
 
The Sneaker Problem 
 
In the Sneakers Problem (Doerr and English, 2003), students encounter 
the notion of multiple factors that could be used in developing a rating system 
for purchasing sneakers and the notion that not all factors are equally 
important to all people. It is explained to students that “A sneaker company 
is trying to sell sneakers to middle school students. They want you 
(since you are the target audience) to figure out which factors middle 
school students worry about when deciding to buy a pair of sneakers.” 
The students are then asked, “What factors are important to you in buying 
a pair of sneakers?” This generates a list of factors where not all factors are 
equally important to the students; the students then work in small groups 
to determine how to use these factors in deciding which pair of sneakers 
to purchase. This results in different group rankings of the factors. The 
teacher then poses the problem of how to create a single set of factors that 
represents the view of the whole class; in other words, the group ranks need 
to be aggregated into a single class ranking. It is emphasised that the model 
or system they develop for aggregating the ranks must be generalisable to 
other similar problem situations. 
 
The Lawnmower Problem 
 
Green Thumb Gardens to Open Soon 
Brisbane, Q. – When it rains, it pours. When you throw some sunshine into the mix, 
you get luscious, thick, and tall green lawns across town. 
While James Sullivan loves a nice green lawn, he also wants to take care of it. 
James is the owner of Indooroopilly’s latest landscaping business, Green Thumb Gardens. 
Green Thumb will open on October 1 for the busy lawn and garden season. 
James is no stranger to lawns. He has been keeping landscapes beautiful for 15 years in 
Queensland. After working with a large Queensland landscaping company for 15 years, 
he has decided to branch out on his own. “I’ve enjoyed spending time outdoors all my 
life and I love nature,” said James. “There’s nothing like the smell of flowers blooming 
in the spring and the smell of freshly-mowed lawns.” 
 
James is returning to his roots by returning to Indooroopilly. He is a graduate of the 
University of Queensland’s landscape architecture department. In fact, James has been 
mowing lawns since he was big enough to start one, and he’s hoping that his business 
will be similar to his customers’ yards: continually growing. 
“The best thing about my job is that I get paid to be outside working with Mother Nature 
and taking care of people’s yards.” 
Green Thumb has already signed agreements with local businesses to help them present 
the best image to the customers. 
“The landscaping outside is often a customer’s first impression of a business so it’s 
very important to have a professional, attractive, well-kept area before the client walks 
through the door,” said James. 
James’ small staff and green and white trucks are all ready for the spring season and 
will be busy well into the summer and autumn months with regular lawn maintenance 
and leaf removal. 
James is hoping for great spring weather that causes the grass to grow at a rapid rate. 
“Most lawns are mowed once a week or once every two weeks depending on the 
weather and the type of grass,” said James. “We’ll take care of any size lawn and cut it 
how the homeowner normally would.” 
For more information or a free landscaping estimate, contact Green Thumb Gardens at 
their office at Harts Road, Indooroopilly. 
 
Readiness questions 
1. Who is the owner of Green Thumb Gardens? 
2. What kind of services does Green Thumb Gardens provide to customers? 
3. How often do lawns need to be mowed? 
4. When are the busiest months for Green Thumb Gardens? Why? 
Green Thumb Gardens Problem 
 
Background Information 
 
At Green Thumb Gardens, James Sullivan will provide lawn-mowing service for his 
customers. Another local landscaping service has closed, so he has offered to hire 4 
of their former employees in addition to taking on some of their former clients. He has 
received information from the other landscpaing business about the employee schedules 
during December, January, and February of last year. The employees were responsible 
for mowing lawns and selling other yard products like fertilizer, weed killer, and bug 
spray. 
 
The other business recorded how many hours each employee worked each month, the 
number of lawns each employee mowed, and how much money they made selling other 
products. The lawns mowed are divided into big, medium, and small jobs. Big jobs 
may have larger lawns or additional work than medium or small jobs. Some lawns 
may be small, but may have many obstacles for the mower to get around or there may 
be different kinds of edging or trimming to be done which determine the size of the 
job. They also recorded the kilometres driven to clients in one of the green and white 
company trucks during each month. 
 
Problem: 
 
James needs to decide which four employees he wants to hire from the old business for 
this summer. Using the information provided, help him decide which four people he 
should hire. Write him a letter explaining the method you used to make your decision 
so that he can use your method for hiring new employees each summer. 
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